This paper discusses expressions for the BRDF of a weakly inhomogeneous half space and contrasts them with the analogous results for topographic scattering.
INTRODUCTION
The bright coin of scattering has two sides. It is both a major functional defect and a sensitive tool for understanding and measuring surface imperfections.
Originally, scattering from surface roughness --topographic scattering --dominated the scene; but improved finishing techniques and the use of exotic materials have focussed attention on the understanding of subsurface and volume scattering as well.
The basic theory of topographic scattering originated in the radar literature many years ago and has since been developed into a powerful tool for finish measurement, quality control and performance prediction.
The present paper discusses analogous expressions for the scattering from weakly inhomogeneous materials, both in a Fresnel-Kirchhoff and the vector -perturbation -theory approximations.
2.
BACKGROUND AND NOTATION
We present our results in terms of the BRDF of the surface, which is related to the differential or angle -resolved scattered intensity by d= C BRD _--r--Y dw s cos 9, where i and s denote the incident and scattered states. In radar terminology:
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BACKGROUND AND NOTATION
We present our results in terms of the BRDF of the surface, vfaich is related to the differential or angle-resolved scattered intensity by where i and s denote the incident and scattered states. In radar terminology: BRDF = yß ß« 47 cos 66 Ii TCA Co, Bz COS 65 where V is the bistatic scattering coefficient, C-is the radar crossection, and 0( and f3 are the initial and final states of polarization.
A is the illuminated area of the surface and the angles e are measured relative to the surface normal.
Scattering results from fluctuations in the optical properties which upset the delicate interference effects required for rectilinear propagation. Here we consider two such sources: surface roughness and compositional inhomogeniety.
In the first case we write the measured surface shape as the sum of a smooth average, Zo , and a fluctuating part, Z :
where r is the two -dimensional position vector in the surface plane, xy.
In the second case we write the permittivity of the reflecting material in the form
where § is the three-dimensional position vector within the volume of the material.
The problem is to relate the measured BRDF (and BTDF) to the statistics of these fluctuations. In the weak-scattering or perturbation limit both scalar and vector theories predict that the BRDF is proportional to the same statistic: the power spectral density of the fluctuations.
The roughness spectum has the two -dimensional form where y is the bistatic scattering coefficient, 0~ is the radar crossection, and (X and j3 are the initial and final states of polarization, A is the illuminated area of the surface and the angles 0 are measured relative to the surface normal.
In the first case we write the measured surface shape as the sum of a smooth average, Z 0 , and a fluctuating part, Z :
where r is the two-dimensional position vector in the surface plane, xy. In the second case we write the permittivity of the reflecting material in the form ft)
vfaere f is the-three-dimensional position vector within the volume of the material .
The problem is to relate the measured ERDF (and BTDF) to the statistics of these fluctuations. In the weak-scattering or perturbation limit both scalar and vector theories predict that the ERDF is proportional to the same statistic: the power spectral density of the fluctuations.
The roughness spectum has the two-dimensional form A which has the dimensions of L(4). As we shall see, the spectrum of the inhomogenities appears either in the three-dimensional form > which has the dimensions of L(3), or in a two-dimensional form analogous to Eq 5, which has the dimensions of L(2).
In all cases f is the spatial -frequency vector whose components are related to the scattering geometry by the conservation of linear momentum; that is, the grating equations:
The volume integral in Eq 6 involves a non vanishing f21-component which has the discrete value Ñ +Re + for weakly absorbing media. 
(g)
We now consider specific expressions which relate the BRDF to these statistics. For simplicity we present results only for the case of greatest interest --s -s scattering measured in the plane of incidence (y5 = 0). Comments on polarization and azimuthal dependences are given later.
3.
FRESNEL KIRCHHOFF CALCULATION
The simplest expression for the reflected and scattered intensity from a surface with compositional and height fluctuations is vfriich has the dimensions of L (3) , or in a two-dimensional form analogous to Eq 5, vrtiich has the dimensions of L(2) .
In all cases f is the spatial -frequency vector vfoose components are related to the scattering geometry by the conservation of linear momentum; that is, the grating equations:
The volume integral in Eq 6 involves a non-vanishing f ~, component vfaich has the discrete value v »* for weakly absorbing media.
We now consider specific expressions which relate the ERDF to these statistics. For sinplicity we present results only for the case of greatest interest s-s scattering measured in the plane of incidence ( ^fs = 0) . Comments on polarization and azimuthal dependences are given later.
The simplest expression for the reflected and scattered intensity from a surface with compositional and height fluctuations is
R is the Fresnel amplitude reflection coefficient, \diich varies over the surface because of fluctuations in the surface material, and $ is the phase modulation impressed on the reflected wavefront by the height fluctuations:
Equation 9 is normalized so that the total intensity of the reflected and scattered radiation is the average reflectivity:
In the weak-scattering limit we expand R(t) iz ((I) R(4-) =R0 + (g) E07) + e The first and second are proportional to the one -dimensional power spectra of Z and E , while the third is proportional to their cross -power spectral density. This last term vanishes for transparent materials ( E real) or when the two types of fluctuations are uncorrelated.
These approximate results suggest that various contributions to the BRDF may be distinguished on the basis of their different wavelength dependences and motivates the study of the more realistic vector-theory results described below. Equation 9 is normalized so that the total intensity of the reflected and scattered radiation is the average reflectivity:
In the weak-scattering limit we expand and keep only the leading non-vanishing terms in Eq 9. This gives The first term is the topographic contribution and scales as \ (-4); the second is the compositional contribution and scales as A (-2) , and the third is a possible cross term vfoich scales as A, (-3) . The first and second are proportional to the one-dimensional power spectra of Z and £ , vfriile the third is proportional to their cross -power spectral density. This last term vanishes for transparent materials ( 6 real) or when the two types of fluctuations are uncorrelated.
These approximate results suggest that various contributions to the ERDF may be distinguished on the basis of their different wavelength dependences and motivates the study of the more realistic vector-theory results described below.
VECTOR PERTURBATION THEORY OF TOPOGRAPHIC SCATTERING
This result was first derived in the radar literature in the 60 's. For the case of s-s scattering in the plane of incidence A BRDF = As expected, it reduces to the more approximate Fresnel-Kirchhoff result in the limit e->0< . Figure 3 compares the predicted and measured scattered intensities (jagged and smooth lines) for three different glancing angles of incidence, taken at the National Synchrotron Light Source (NSLS) at Brookhaven. The agreement is seen to be very good. This is dramatic comparison since it involves measurements made at visible wavelengths at normal incidence in a laboratory environment with xray scattering at extreme glancing angles on the floor of the NSLS.
It demonstrates the validity of the physical model underlying Eq 14 for this application.
VECTOR PERTURBATION THEORY OF COMPOSITIONAL SCATTERING
The form of the expression for the BRDF depends on the depth dependence of the inhomogenieties. We consider two cases below. Figures 1, 2 and 3 illustrate the application of this expression to the prediction of x-ray scattering from a gold -coated mirror. Figure 1 is a profile of the mirror taken with a Wyko profiling microscope in our laboratory, and Fig 2 is the profile power spectrum S(fx ) estimated from a series of such profiles* Figure 3 compares the predicted and measured scattered intensities (jagged and smooth lines) for three different glancing angles of incidence , taken at the National Synchrotron Light Source (NSLS) at Brookhaven. The agreement is seen to be very good. This is dramatic comparison since it involves measurements made at visible wavelengths at normal incidence in a laboratory environment with xray scattering at extreme glancing angles on the floor of the NSLS. It demonstrates the validity of the physical model underlying Eq 14 for this application.
VECTOR PERTURBATION THEORY OF CXMPOSITIONAL SCATTERING
The form of the expression for the BRDF depends on the depth dependence of the inhomogenieties . We consider two cases below.
Uniform distribution of inhomogenieties
In this case Although this version of the model takes the inhomogenieties to be distributed throughout the volume in a uniform statistical way, only the region adjacent to the surface contributes because of the finite absorbtivity of the material. This is shown by the presence of the "skin depth" factor /2TCC " .
The BRDF diverges as the absorbtivity vanishes since the present calculation omits extinction and aperture effects.
Columnar inhomogenieties
In this case we take
where r is the position vector in the x -y plane parallel to the surface and L is a skin -depth parameter which describes how the magnitude of the otherwise identical in -plane fluctuations fallsto zero as one moves away from the surface, z = 0 .
The BRDF is then BRDF _I6 This is the same as Eq 18 except for the presence of depth" factor and the two-dimensiónal spectrum of e three -dimensional spectrum of E (Q ). 
Although this version of the model takes the inhomogenieties to be distributed throughout the volume in a uniform statistical way, only the region adjacent to the surface contributes because of the finite absorbtivity of the material. This is shown by the presence of the "skin depth11 factor X /2TTC 11 . The BRDF diverges as the absorbtivity vanishes since the present calculation omits extinction and aperture effects.
In this case we take /,*N 03) where r is the position vector in the x-y plane parallel to the surface and L is a skin-depth parameter which describes how the magnitude of the otherwise identical in-plane fluctuations falls to zero as one moves away from the surf ace , z = 0 .
The BRDF is then This is the same as Bq 18 except for the presence of a^different "skin depth" factor and the two-dimensicgrial spectrum of £ (r) rather than the three-dimensional spectrum of G (^ ).
We now consider two limits of interest. If the skin depth is small, 2TTf 0 L « 1 , i.e. 4TTN0L/^« 1 , where N O * fs? ? we find L* S This has the same form as the topographic expression, Eq 14, except for the replacement of R's by A's and Z by L£ . This similarity means that it would be difficult to distinguish between thin-columnar scattering \f*iere the inhonxsgenieties lie within a wavelength of the surface ~ from topographic scattering. This is physically reasonable.
The second limit of interest is when the the skin depth is large, i.e. 4ttN0LA»l. In this case 16It* cos&-Cos9s I c r? N (*9\ ' *' S« f*xx) ( } which is identical with the corresponding Fresnel-Kirchhoff result for small scattering angles, es->" el,. This is also as expected since the FresnelKirchhoff result implicitly assumed the deep-or thick -columnar model when it described the volume inhomogenieties in terms of variations in the surface reflectivity.
6.
TOTAL INTEGRATED SCATTER
If we integrate the scattered intensities over the upper hemisphere we get the following approximate results. S/ S1ÑBs -sÑOJ am t where n = 4 for topographic and thin -columnar scattering, n = 3 for interference scattering, and n = 2 for thick -columnar or "reflective" scattering. Random bulk scattering also has n = 3 but with a more which is identical with the corresponding Presnel-Kirchhoff result for small scattering angles/ 65-^*6^* This is also as expected since the FresnelKirchhoff result implicitly assumed the deep-or thick-columnar model v*ien it described the volume inhomogenieties in terms of variations in the surface reflectivity.
If we integrate the scattered intensities over the upper hemisphere we get the following approximate results. where n = 4 for topographic and thin-columnar scattering/ n = 3 for interference scattering/ and n = 2 for thick-columnar or "reflective11 scattering. Randan bulk scattering also has n = 3 but with a more complicated wavelength dependence in the spectrum. Ditto for out -of -plane scattering in general.
The different values of n can be interpreted by dimensional analysis.
A factor of :x. ( -2) comes from the two spatial degrees of freedom in the observation hemisphere and further factors of ( -1) are identified with additional length parameters appearing in specific scattering situations.
The dependence on 'Sines -Sine¿ at a given wavelength has been reported frequently in the literature. Surfaces which show this behavior have been called "shift invariant" although it is not an intrinsic surface property. It is really a manifestation of linear-momentum conservation in first-order scattering theory.
7.2.

Azimuthal and polarization dependences
The azimuthal dependence of the s -s BRDF's is obtained by multiplying the results in the text by Cos z T 5 . The corresponding results for p -s and s -p polarization, which are not given here, have a factor of Sin Ps while the p -p results have a more complicated dependence on clP5 . This means that no cross -polarized scattering is expected in the plane of incidence and that s -s scattering vanishes in the perpendicular plane. These properties follow from the electric -dipole nature of weak scattering.
For pure topographic or pure compositional scattering the ratios of the scattered intensities of different polarizations depend only on geometry and wavelength since the spectral-density factor cancells out. Significant cross -polarization effects would upset this simplicity.
Differences between topographic and compositional scattering
In the weak-scattering limit the greatest distinction between different scattering mechanisms appears to lie in their dependence on the radiation wavelength. This can be explored by deriving the spectrum from BRDFs measured at different wavelengths and seeing which model gives the best agreement.
Deviations from any of the above predictions could be due to interference between topographic and bulk scattering, or perhaps more commonly, the presence of scattering centers such as scratches, pits, cracks, voids, inclusions. etc. which violate the weak-scattering approximation but are so sparse that the total scattering level is still acceptably low.
Expressions for the scattering from many types of individual defects of this type may be found in the literature; Mie scattering is only the simplest example. The problem, of course, is that these more complicated scattering models introduce new parameters into the analysis, and unless there is enough information to pin them down the whole exercise is 38 / SPIE Vol 1165 Scatter from Optical Components (1989) complicated wavelength dependence in the spectrum. Ditto for out-of-plane scattering in general.
The different values of n can be interpreted by dimensional analysis. A factor of X (-2) comes from the two spatial degrees of freedom in the observation hemisphere and further factors of X (-1) are identified with additional length parameters appearing in specific scattering situations.
The dependence on |Sin05 -Sin0^| at a given wavelength has been reported frequently in the literature. Surfaces which show this behavior have been called "shift invariant" although it is not an intrinsic surface property. It is really a manifestation of linear-monentum conservation in first-order scattering theory.
Azimuthal and polarization dependences
The azimuthal dependence of the s-s BRDF's is obtained by multiplying the results in the text by Cos ^ tfs . The corresponding results for p-s and s-p polarization, which are not given here/ have a factor of vfaile the p-p results have a more complicated dependence on ^P s means that no cross-polarized scattering is expected in the plane of incidence and that s-s scattering vanishes in the perpendicular plane. These properties follow from the electric-dipole nature of weak scattering.
For pure topographic or pure compositional scattering the ratios of the scattered intensities of different polarizations depend only on geometry and wavelength since the spectral-density factor cancells out. Significant cross-polarization effects would upset this simplicity.
Differences between topographic and compositional scattering
Deviations from any of the above predictions could be due to interference between topographic and bulk scattering, or perhaps more commonly, the presence of scattering centers such as scratches, pits, cracks, voids, inclusions, etc. whigh violate the weak-scattering approximation but are so sparse that the total scattering level is still acceptably low.
Expressions for the scattering from many types of individual defects of this type may be found in the literature; Mie scattering is only the simplest example. The problem, of course, is that these more complicated scattering models introduce new parameters into the analysis, and unless there is enough information to pin them down the whole exercise is underdetermined. The classic approach to such a situation is to use Ockham's razor; that is, try the simplest model first and go from there.
8.
SUMMARY
An ideal interface reflects light according to the laws of geometrical optics. Deviations cause scattering. This paper discusses expressions for the scattering from small fluctuations in surface finish and in the homogeniety of the reflecting material. These results are offered as a guide for the design of experiments aimed at distinguishing different scattering mechanisms, and as an introduction to the monumental radar literature on this and related subjects. The pacing problem in applying these results in optics appears to lie less in lack of theory than in the availability of well-characterized experimental data to analyze. underdetermined. The classic approach to such a situation is to use Ockham's razor; that is, try the simplest model first and go from there.
An ideal interface reflects light according to the laws of geometrical optics. Deviations cause scattering. This paper discusses expressions for the scattering from small fluctuations in surface finish and in the homogeniety of the reflecting material. These results are offered as a guide for the design of experiments aimed at distinguishing different scattering mechanisms, and as an introduction to the monumental radar literature on this and related subjects. The pacing problem in applying these results in optics appears to lie less in lack of theory than in the availability of well-characterized experimental data to analyze. 
